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Abstract

We consider a new subclass of starlike functions involving the Choi—Saigo—
Srivastava integral operator associated with the sine function in open unit disc.
In view of this function class, we examine majorization properties and Briot—
Bouquet differential subordination relations for such functions.
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1. Introduction. Denote by A the class of analytic functions f of the form
(1.1) f(z):z—l—Zanz"
n=2

in the open unit disc D := {z € C : |z| < 1}. Denote by Q the class of Schwarz
functions w which are analytic in D with w(0) = 0 and |w(z)| < 1. For analytic
functions f; and fo in D, we state that f; is subordinate to fo, symbolized by
f1 < fa, if there exists a function w in Q satisfying fi1(z) = fo(w(2)). The
comprehensive details of subordination can be found in [*].
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The convolution or Hadamard product of the functions fi(z) = z + Z anz"
n=2

and fa(z) =z + Z bpz" is defined by

n=2

fi(2) * fao(2) = (fr# f2)(2) =2+ Y anbnz", (2 €D).
n=2

Majorization is an important subject for investigating geometric properties
of analytic functions. In 1967, MACGREGOR [*] introduced the concept of ma-
jorization. If f; and fo are two analytic functions in I, then we say that f; is
majorized by fo in D denoted by

fi(z) < fa(2), (2 €D)

if there exists an analytic function ¢ in D satisfying

(1.2) lp(z)] <1 and fi(z) = @(2)f2(2), (2 €D).

The Briot—Bouquet differential subordination is given by

20 (2)
(1.3) e(z) + R OET <¢(z), (npeCmn#0)
with (0) = ¢(0) = 1. If the univalent function q(z) = 1+q1z+g22%+- - - has the
property that ¢ < ¢ for all analytic functions ¢ satisfying (1.3), then it is called
a dominant of (1.3). If § < ¢ for all dominants ¢ of (1.3), then a dominant ¢ is
said to be the best dominant of the differential subordination (see [>4]).

MA and MINDA [5] investigated the class of analytic functions ¢ with positive
real part in D that map the disc D onto regions starlike with respect to 1, sym-
metric with respect to the real axis and normalized by the conditions ¢(0) = 1
and ¢/(0) > 0, and introduced the starlike functions class by

2f'(2)
f(z)

For the case ¢(z) = (1 + Az)/(1 4+ Bz) (-1 < B < A < 1), the family
of JANOWSKI starlike functions S*[A, B] is obtained (see [°]). When A = 1 —
20 (0 <9 < 1)and B = —1, we have the family S*() of starlike functions
of order §. Particularly, § = 0 yields the usual class §*(0) = S* of starlike
functions. Recently, various authors have introduced and studied several Ma-—
Minda type classes of starlike functions [7?]. In ['°], CHO et al. considered the
class 8%, of starlike associated with the sine function if the subordination inclusion

2f'(2)/f(2) < ¢(z) = 1 +sin 2z holds with ¢(0) = 1 and Re ¢(z) > 0 for all z € D.

S*(¢):{feA: =< ¢(2), ze]D)}.
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In 1984, CARLSON and SHAFFER ['!] defined a linear operator L(a,c) : A —
A given by
(1.4) L(a,c)f(z) = ¢(a,c;2) * f(2),

where the incomplete beta function ¢(a, ¢; 2) is defined by

ola,c;2) =z + Z 8n_lz”, (a eR,ceR\Zy,Zy =1{0,-1,...})
n—2 n—1
and the Pochhammer symbol (o), is defined by
(o) I'(o+n) 1, ifn=0
(03 n = —————---:_=
I'(o) olc+1)---(c+n—-1), ifneN.
The Carlson-Schaffer operator given by (1.4) contains the RUSCHEWEYH dif-
ferential operator ['?;

Lip+1,1)f(2) = D"f(2) i= ——

Motivated by the Ruscheweyh operator, CHOI, SAIGO and SRIVASTAVA ['3]
defined the operator Z, , : A — A by

(1.5) Lonf(2) = fon(2) * f(2), (p>—1,7>0),

where

x f(z), (peR,p>-—1).

z z
7<1 et * fon(2) = 7(1 e
It is clear that for v = 2, this operator reduces to the NOOR integral operator
defined in [*]. Also, note that Zoof(2) = zf'(2) and Ty 2f(2) = f(2).
Using (1.5), we have the following recursive relation for the Choi-Saigo—
Srivastava integral operator:

(1.6) Z(Ip,’yf(z))/ =Zpr+1f (1Y = D)5 f(2).
In view of the Choi-Saigo—Srivastava integral operator Z, -, we define a new
Ma—Minda type starlike function class associated with the sine function.
Definition 1.1. A function f € A given by (1.1) belongs to the class S, ~(sin)
if it satisfies the condition

Z(Ip,'yf(z)),
Lo~ f(2)

where Z,, , is given by (1.5) and z € D.

In this paper, we define a new class of Ma—Minda type starlike function
involving the Choi-Saigo—Srivastava integral operator associated with the sine
function denoted by S, - (sin). We first find majorization property for this function
class. We also employ a different method based on the Briot-Bouquet differential
subordination which was investigated by MILLER and MOCANU [*], and establish
several new Briot-Bouquet differential subordination results for the operator Z,, ..

(1.7) < ¢(z) :=1+sinz,

1656 H. Esra Ozkan Ugar, A. Cetinkaya



2. Majorization properties. We first begin to examine majorization prop-
erty for the class S, (sin). For proving the result, we need the following lemma
given by NEHARI ([*°], p. 168).

Lemma 2.1. If ¢ is analytic and bounded in D, then

_ 2)|2
¢ < TEEE

where |z| < 1.

Theorem 2.2. Let f € A and suppose that g € S, (sin). If I, f(z) <
T,~9(2) for all z € D, then for |z| < ri, we have

|Ip,7+1f(z>‘ < ‘Ipﬁ-i-lg(z)’v

where ry is the smallest positive root of the equation
(1 —r%)(y —sinh7r) — 2r = 0.

Proof. Since g € S, (sin), then from (1.7) we write

2(Zpn9(2))’ -
(2.1) LIS = 1+ sinw(z),
Zpr9(2)
where w(z) = 12 + ¢22? + - - - is bounded and analytic in I satisfying
(2.2) w(0) =0 and |w(z)| < |z|.

By using (1.6) into (2.1) and in view of the conditions in (2.2), we obtain

Y
(2.3) Zp9(2)] < m‘zp,wlg(z)’-

Since Z, ~ f(2) is majorized by Z,~g(z), in view of (1.2), we write
(2.4) Tpr f(2) = p(2)ZpH9(2).

Differentiating on both sides of equation (2.4) with respect to z, and routine
calculations gives

(2.5) 2(Zpn f(2)) = 29/ (2)Tp9(2) + 20(2) (T 9(2)) -

By using (1.6) into (2.5) together with (2.4), we get

(2.6) Ty f(2) = izd(zﬂmg(z) () Tprs19(2).
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Using Lemma 2.1, and substituting (2.3) into (2.6), we get

2|1 —Je(=)*) 1
(1—=1[2[?) 7 —sinz]

(2.7) Zprr1f(2)] < +9(2) || Zpr+19(2)|-

Taking |z| = r and |¢(z)| = € (0 < € < 1), and using the inequality |sinz| <
sinhr given by Cho et al. (['%], p. 5) into (2.7), we get

|Ipw+1f(z)| < O(re) |Ip,v+19(z)|»

where
r(1 —€?) 1

(1 —=7r2) v —sinhr

O(r,e) = +e.
In order to determine r{, we choose

r1 = max{r € (0,1) : O(r,e) < 1,Ve € [0,1]}
= max{r € (0,1) : v(r,e) > 0,Ve € [0,1]},

where
v(r,e) = (1 —r3)(y —sinhr) — (1 +¢).
Since a—y(r, €) = —r < 0, therefore v(r,e) takes its minimum for e = 1,
€
namely
min{v(r,e) > 0,e € [0,1]} = v(r,1) := v(r),
where
v(r) = (1 —r?)(y —sinhr) — 2r.

Moreover, since v(0) = v > 0, and v(1) = —2 < 0, thus there exists
such that v(r) > 0 for all » € [0,r;], where 71 is the smallest positive root. This
completes the proof. O

3. Subordination properties. In this section, we investigate the Briot—
Bouquet differential subordination properties. To prove our main results, we need
to give the following lemmas.

Lemma 3.1 ([*]). Let ¢ (¢(0) = 1) be convex univalent in D, and let ¢ of
the form p(z) =1+ bz + bpz® + --- ((0) = 1) be analytic in D. If

P + 502 < 0(2). (A0, Rep>0)

then

(3.1) ﬂa<&@r—“/ﬁﬂwww<¢u»

= .
and ¢ is the best dominant of equation (3.1).
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Lemma 3.2 ([)], Theorem 2). Let n (n # 0) and pu be complex constants,
and let ¢ (¢(0) = 1) be convex univalent function in D with Re(ng(z) + u) > 0.
Let ¢ be analytic in D and satisfy the subordination (1.3). If the Briot—-Bouquet
differential equation

2q' () B _
(3.2) q(2) + o By o(2), (q(0)=1)

has a univalent solution q, then

p(2) < q(2) < o(2),
and q is the best dominant of (1.3).
The differential equation (3.2) has a formal solution given by

-1

(3.3) a() = Z“[H(Z)]"<77 / Z[H(tﬂ"tﬂ-ldt) i,

H(z) = zexp /OZ ¢(t)t_ 1dt.

In the first theorem, we get Briot—Bouquet differential subordination for the
operator Z, .

Theorem 3.3. Let A > 0 and { > 1. If a function f € A satisfies the
condition

(3.4) (1— A)I"’”’ﬂz) padeanfE) g sin z,
z z

then

(3.5) Re { (W)l/c} > (1 /01 urxl(1 - sinhu)du>1/<.

The result is sharp.
Proof. Consider the analytic function

olz) = 22 IE) (e

z

with ¢(0) = 1 in D. Differentiating the above equality and using equation (1.6),
we get

T
L8 _ o) 4 2o o)
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and by applying the subordination condition (3.4), we arrive at

p'yf( ) p7+1f( )

z

(1-2X) =¢(z) + izgo’(z) < 1+sinz.

By using Lemma 3.1 on the right-hand side of the above equation, we obtain

p(z) < zz_“*//\/ 3711 + sint)dt,
0

or

(3.6) L2/ (2) )\/ (1 + sinww(z))du,

z
where w is a Schwarz function. Due to Cho et al. ([*°], p. 5), we conclude that
Re (1 + sinuw(z)) > 1 —sinhur, |z|=r € (0,1).

Taking real part of both sides and letting » — 17, from equation (3.6), we arrive
at

4

(3.7) Re (W) > }:/1 Y71 —sinhw)du >0, (z€D)
z 0

where A > 0. Since Re(w'/¢) > Re(w)/¢ for Re(w) > 0 and ¢ > 1, from inequality
(3.7) we obtain the inequality (3.5). To prove sharpness, we take f € A defined
by

z

T 1
M _ ;\V/ ux—1 (1 + sinh uz)du.
0

For this function we find that
p 'yf( ) ’y+1f( )

z

(1=2)

=1+sing,
and

pwf - < / ux! (1 — sinhu)du,

as z — 17 . Thus, the proof is completed. ]

In the next theorem, we find a univalent solution of the Briot—-Bouquet dif-
ferential equation, and observe that this solution is the best possible of the Briot—
Bouquet differential subordination for the class S, ,(sin).
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Theorem 3.4. If a function f belongs to the class S, ,(sin) such that
Tonf(2)#0,v>0, and

Re (sinz+7) >0, (z€D)

then
z(Z, vf(z))l .
3.8 ————— < q(2) < 1+sinz,
55 Lo 1)
where
(3.9) q(z) = 275 </ t71eSZ(t)dt> -v+1,
0

and q is the best dominant of (3.8).
Proof. Consider the analytic function

Z(Ip,wf(z))/

p(z) = , zeD

(2) 7, 1(2) (z € D)

with ¢(0) = 1. By using equation (1.6), we obtain
Zpy+1/(2)
o = ety -1,
Zprf(2)

and logarithmic differentiation with respect to z together with routine calculations
give

z¢'(2)

2(Zpye1f(2)
)+ -1

Lor+1f(2)

Now, let us consider the Briot—Bouquet differential equation

(3.10) = p(z) + < ¢(z) =1+sinz.

/
¢ (2) .
3.11 q(z) + —————— =¢(z) = 1 +sinz,
(3.11) (0)+ ot =00
where ¢ (¢(0) = 1) is analytic and ¢(z) = 1 + sinz is convex univalent with

»(0) =11in D, and let P(z) = n¢(z) + p. In view of equation (3.11) and Lemma
3.2, we observe that n =1, y =~ — 1 and

P(z) =sinz + 1.

For proving Re(P(z)) > 0, it is enough to set z = ¢, t € [0,n] under the
condition v > 0. Furthermore, P(z) and 1/P(z) are convex. Hence, there is a
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univalent solution of the equation (3.11) and we get this solution by using the
steps given in Lemma 3.2. Since ¢(z) = 1 + sin z, in view of Lemma 3.2 we find

z

t)—1 I i t .
H(z) :zeXp/(ﬁ()tdt ZZeXp/SI?dt:zeSl('z)’
0 0

where Si(z) is the Sin integral. Setting this result together withn = 1 and p = y—1
into the formula (3.3), we obtain equation (3.9) which is the univalent solution of
equation (3.11). Since ¢ is analytic and satisfies (3.10), then we derive

w(z) < q(2) < ¢(z) =11 +sinz

and, ¢ is the best dominant of equation (3.8). O
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