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Abstract
We consider the dynamical behavior of fermionic instanton solutions of the Thirring 
Model with two forcing terms. In particular, the study focuses on the effect of the 
frequency and amplitude of the forcing terms on the behavior of fermionic instan-
ton solutions. Numerical analysis based on the Smaller Alignment Index (SALI) 
method, Bifurcation Diagram and Permutation Entropy (PE) are used to show how 
and which dynamical behaviors occur in the system. Color maps and diagrams of 
the SALI time (St) (the time St required for the SALI index to below a threshold 
value of 10−12) and PE of the system with respect to varying of frequency and 
amplitude values of the forcing terms are plotted comparatively to determine dif-
ferent dynamical behavior of the system. The study shows that fermionic instanton 
solutions exhibit a wide variety of dynamical behavior due to two forcing terms. 
Furthermore, it is emphasized that SALI time (St) can be easily compared with bi-
furcation diagram and complexity method as a fast, efficient and precise method to 
investigate different degrees of chaos. In general, the instanton solutions with two 
forcing terms have been observed to exhibit different type of dynamical behavior. In 
this study, identical and symmetric coexisting attractors are demonstrated for these 
different types of behavior of the forced Thirring instanton.
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1  Introduction

Instantons are topological objects in quantum field theory that are related to tunneling 
transitions between two distinct vacuum states [1]. They are interpreted as a quantum 
tunneling effect, in which a fermion is able to tunnel through a barrier of energy. 
This process, known as quantum tunneling, is a quantum mechanical phenomenon in 
which particles can pass through barriers of energy that would otherwise be impass-
able [2]. They are used to study the behavior of fermionic systems, the effects of 
interactions between particles, and the effects of quantum fluctuations [3]. In quan-
tum field theory, instantons are important because they are the only known way to 
generate a non-zero and finite action solutions. This means that they can be used to 
describe a wide range of physical phenomena, such as particle creation, tunneling, 
and other effects [4–9]. Moreover, instantons are used to describe the strong interac-
tion between quarks and gluons in the standard model of particle physics and how 
particles interact with curved spacetime, such as black holes and cosmological hori-
zons [10–12]. Since instantons are responsible for spontaneous symmetry breaking in 
certain theories, they allow particles to behave differently under different conditions 
and can be thought of as responsible for much of the complexity in the universe.

The massless Thirring model [13] is a quantum field theory that describes a system 
of interacting fermions in one space and one-time dimensions. It was proposed by 
Walter Thirring in 1958 and has since been the subject of extensive study in theoreti-
cal and mathematical physics [14–16]. The Lagrangian of the Thirring model [13], 
which in space-time (1 + 1) dimensions defines a Fermi self-interaction, with positive 
coupling constant g, for fermion field with spin ½ is

	
L = i

−
ψ σ µ ∂ µ ψ + g

2

(
−
ψ ψ

)2

,� (1)

where ψ is fermion, σµ as µ = 1,2 are Pauli matrices. It has also served as a useful toy 
model for studying the effects of interactions between fermions. The stable fermionic 
instanton solutions of the Thirring model were found [17]. Then, a nonlinear system 
of ordinary differential equations corresponding to the fermionic instanton solutions 
in the Thirring field equation was obtained via Heisenberg ansatz [18]. The evolution 
of these solutions according to the coupling constant was investigated in the phase 
space in Ref [18] and also implemented in the Gursey model [19]. Then, the stability 
of the instanton solutions was analyzed by the Scale Index Method [20]. Recently, the 
chaotic nature of fermionic instanton solutions under a single force has been investi-
gated using the Generalized Alignment Index of order 2 (GALI2) and largest Lyapu-
nov exponent (LLE) methods comparatively [21]. And the Thirring model has been 
used to investigate chaos and complexity in the evolution of the universe [22, 23].

Dynamical systems that exhibit a variety of behaviors, some regular, some cha-
otic, and some both regular and chaotic, are studied using mathematical models and 
simulations [24]. Dynamical systems are characterized by their sensitivity to initial 
conditions; this means that small changes in initial conditions can have large effects 
on the behavior of the system over time. Chaos theory is the study of chaotic behav-
ior in dynamical systems. This sensitivity can cause a dynamic system to go from a 
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normal state to a chaotic state in a very short time, while its occurrence over a longer 
period of time can cause it to go into a weakly chaotic state [25].

Hamiltonian systems encounter difficulties in distinguishing the nature of the 
orbits, which are unpredictably distributed in phase space. Therefore, a fast and pre-
cise calculation is essential for detecting the regular or chaotic state of the orbit. The 
Smaller Alignment Index (SALI) method is an effective method that fulfills these 
requirements [26, 27]. It should be noted that SALI is practically equivalent to the 
GALI2 [28]. The SALI method is based on the investigation on the evolution of vol-
ume elements formed by deviation vectors with respect to trajectories of a dynamical 
system [29]. The SALI tends to zero, following the power law for the regular nature 
of the system, and exponentially for its chaotic nature. Another important detail is 
that the chaoticity decreases as the time for SALI tending to zero increases. As can 
be understood from this detail, the time required for the SALI or GALI2 to be zero is 
an indicator of the chaotic power of the system [21, 29, 30]. In addition, weak chaos 
refers to systems for which the phase-space dynamics present a mixture of chaotic 
and regular dynamics, depending on the initial values [31]. In addition, this study 
aims to show that SALI or GALI2 time method, which is a fast and effective tool for 
chaos detection, can be compared more easily with other methods such as bifurcation 
diagram and complexity measures.

In present study, in order to understand how fermionic particles can exhibit behav-
iors under with forcing, it is investigated how two forcing terms affect the behavior of 
Thirring instanton in terms of different values of frequency and amplitude. The analy-
sis of numerical study of this research is based on the SALI, Permutation entropy 
(PE) and bifurcation diagram. The SALI time (St) is used to distinguish between 
different degrees of chaos, as it reveals exactly when chaoticity occurs. Considering 
both the SALI and PE method results, different degrees of chaos and complexity 
are observed in terms of the varying frequency and amplitude values of two forcing 
terms in instanton solutions. Moreover, novel strange attractors corresponding to dif-
ferent type of dynamical behavior are presented in the phase portraits.

The rest of this paper is arranged as follows. In Sect. 2 the model of forced Thir-
ring instanton is presented and numerical methods used to study the dynamics of the 
model are introduced, namely, the Smaller Alignment Index method, the Bifurcation 
diagram and the Permutation entropy method. Section 3 presents the results of the 
study in detail. Finally, Sect. 4 is devoted to the main conclusions.

2  The Model and Numerical Techniques

2.1  The Model

The Heisenberg ansatz according to Euclidean configuration is as follows

	 ψ = [ixµ σ µ χ (s) + ϕ (s)] c� (2)

where χ(s) and φ(s) ∈ R (s = x1
2 + x2

2) and c is defined as an arbitrary constant. Com-
bining The equation of motion for Thirring model with Heisenberg ansatz and con-
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verting to a dimensionless form, the nonlinear ordinary differential equation system 
obtained from the calculations in Ref [18] is presented by,

	




2 dp(t)
dt + 1

2 p (t) − gAB
(

p(t)2 + q(t)2
)

q (t) cc = 0

2 dq(t)
dt − 1

2 q (t) − gAB
(

p(t)2 + q(t)2
)

p (t) cc = 0
� (3)

where A, B are constants, p(t) and q(t) ∈ R correspond to dimensionless functions 
[18]. Here all constants ( gABcc) can be defined as β.

f1cos (ω1 t) and f2cos (ω2 t), which is considered as external periodic forcing terms, 
are added to the system (3). These forcing terms can be interpreted as periodic back-
ground fields or perturbations acting on fermionic instantons. Obviously, periodic 
forcings are used to simulate the effects of external time-dependent effects, such as 
external electromagnetic fields and interactions with a structured background, which 
may act on the dynamics of the fermionic instanton.

The modified system is given by,

	

{
dp
dt = − 1

4 p + 1
2 β

(
p2 + q2)

q + f1cos (ω 1t)
dq
dt = 1

4 q − 1
2 β

(
p2 + q2)

p + f2cos (ω 2t) � (4)

where ω1 and ω2 are frequencies, f1 and f2 are amplitudes of two forcing terms. β, f1, 
f2, ω1 and ω2 are positive. Thanks to the system (4), it is possible to investigate the 
effect of two forcing terms on the chaotic nature of the fermionic instanton solutions.

2.2  Numerical Techniques

The Smaller Alignment Index (SALI) a fast and effective chaos detection technique, 
is successfully used to analyze Hamiltonian system behavior [26, 27]. The SALI is 
determined through the evolution of two initially linearly independent deviation vec-
tors from the initial condition. The deviation vectors are normalized at each time step, 
since only the trajectory of this vector is considered. At each time step, each vector is 
normalized to 1 by ŵi (t) = wi(t)

||wi(t)|| , where i ∈ {1, 2} and || .|| denotes the usual 
Euclidean norm and define the parallel alignment index

	 d− (t) ≡ ||ŵ1 (t) − ŵ2 (t) ||� (5)

.
and the antiparallel alignment index

	 d+ (t) ≡ ||ŵ1 (t) + ŵ2 (t) ||� (6)

.
The smaller alignment index SALI is given by

	 SALI (t) = min {d− (t) , d+ (t)}� (7)
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.
The SALI method describes the chaoticity by the exponential decay of the index 

[26, 27, 30]. If the SALI is practically zero (< 10−12) until the last time t considered 
during the integration of the system, the behavior is chaotic; otherwise, the orbit is 
regular. St (SALI time) is the time it takes for SALI to reach the threshold value, which 
indicates chaoticity. If the St is a short, behavior is chaotic, if the St is a long, behavior 
is weakly chaotic, and if it does not reach this even for a certain an extremely long 
time, behavior is regular [21, 28–31]. In this study, diagram and color bar of SALI 
time (St) are calculated by taking the axis symmetry of SALI positive time (i.e. nega-
tive time) in order to compare with color maps and diagrams of Permutation entropy 
and bifurcation diagrams more appropriate.

Bifurcation diagram is an important method for visualizing the behavior of a 
dynamical system. It shows how the attractors of the system change as the initial 
conditions and parameters of the system change. In a bifurcation diagram, each point 
in the diagram represents a different set of parameters, and the attractors correspond 
to the resulting behavior of the system. It presents critical points at which a system 
undergoes a qualitative change in behavior, such as the onset of chaos or the emer-
gence of a regular state. It is generally used in chaos studies in comparison with 
maximum Lyapunov exponential diagrams or Lyapunov exponential spectrums. In 
this study, it is used in comparison with the SALI/GALI2 time methods, which are 
similar to the maximum Lyapunov exponents. In this way, a fast and effective alterna-
tive comparison method in chaos research is aimed.

In general, complexity is a measure of the randomness of a time series, and the 
greater the complexity, the more randomized the series. Permutation entropy (PE) is 
a complexity measure method used to measure the amount of information contained 
in a time series [32]. PE can be used to detect changes in the dynamics of systems. 
This can be useful in detecting changes in the behavior of complex dynamical sys-
tems. The important information content associated with PE is a result of its ability 
to effectively distinguish between chaotic and non-chaotic signals. It is stated that 
PE has higher processing speeds among similar algorithms that measure complexity 
[33]. PE is chosen as it provides a faster and more accurate estimation of numerical 
sequences; therefore, PE is used to analyze the complexity of the system.

3  Numerical Results and Discussion

Numerical simulations of the system (4) are carried out using Verner’s 9/8 Runge–
Kutta integration method with step size Δt = 0.01 [34]. Algorithms established in the 
Julia code editor were implemented using the DynamicalSystems.jl library to per-
form the simulations [35, 36].

In this study, regular state of the system (4) which is obtained as fermionic instan-
ton solutions [18] that are stable in a long time-scale for β = 1 with equilibrium point 
(q, p) = (0.5, 0.5) are considered. To discriminate all possible behavior, color maps 
covering a large region of the SALI time (St) and PE of the system (4) are plotted with 
different initial values and parameters f1, f2, ω1, ω2. For a more detailed analysis in 
regions, St, PE and bifurcation diagrams of the system (4) are plotted by changing the 
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initial values and parameter and keeping the other fixed. Considering these analyzes, 
samples in different states are selected. The distinction between the different behav-
iors of the system (4) is shown by investigating the attractors for these examples.

In panels in Fig. 1(a) blue areas denote regular states namely, SALI indices that do 
not become < 10−12 (threshold value) in indicated time (t = 105 time units), red areas 
represent states of chaos namely, SALI indices that fall below < 10−12 in a short period 
of time and different degrees of chaotic behavior are colors between red and blue. 
However, it should be noted that regular orbits may become chaotic over increasing 
time units. Therefore, longer numerical integration times up to t = 107 are performed 
in Fig. 2, to analyze the possible different degrees of chaos in more detail. Similarly, 
in Fig. 1(b), 105 integration time for PE, blue areas denote the lowest complexity and 
red areas denote the highest complexity.

Fig. 2  Diagrams of the SALI time (St) of the system (4) versus parameters; f for ω = 2.6 (a), ω for f = 3.0 
(b), f2 for f1 = 1.6, ω = 1.0 (c) ω2 for ω1 = 4.0, f = 1.0 (d) and t = 107 time units with symmetric initial val-
ues (+ 0.5, + 0.5) (St1) (blue) and (−0.5, −0.5)(St2)(red). The panels are in log10-scale for vertical-axes

 

Fig. 1  Color maps of the SALI time (St) (a) and Permutation Entropy (b) of system (4) on the (f, ω) 
parameter plane with f = f1 = f2 and ω = ω1 = ω2, where f and ω are varied from 0 to 5 for t = 105 time 
units. The colorbars are in log10-scale in (a)

 

1 3

   59   Page 6 of 12



Journal of Nonlinear Mathematical Physics           (2025) 32:59 

Color maps in Figs. 1(a1) and (b1) show the global dynamics of the system (4) 
under the effect of identical two forcing terms for different values of f = f1 = f2 and 
ω = ω1 = ω2 parameters. The color maps of the SALI time (St) and PE of the system 
(4) are calculated by increasing the parameters by 0.01 in the intervals f ∈ (0,5] and 
ω ∈ (0,5] for t = 105. Figures 1(a2) and (b2) demonstrate the global dynamics of the 
system (4) only for varying values of the f1 and f2. Color maps of the St and PE in 
these Figs. are plotted in the intervals 0 < f1 ≤ 6 and 0 < f2 ≤ 6 by increasing f1 and f2 by 
0.01 for ω1 = ω2 = 1.0 with t = 105 time units. In Figs. 1(a3) and (b3) global dynam-
ics of the system (4) is investigated with varying values of the parameters ω1 and ω2 
for f1 and f2 = 1.0. Figures 1(a3) and (b3) depict color maps of the St and PE, plotted 
in the intervals 0 < ω1 ≤ 8 and 0 < ω2 ≤ 8 by increasing the parameters ω1 and ω2 by 
0.01 with t = 105 time units. Panels (a4) and (b4) in Fig. 1 demonstrate the behavior 
of the system (4) with changing initial values under the effect of identical two forcing 
terms with the parameters f1 = f2 and ω1 = ω2. In Figs. 1(a4) and (b4), the dynamic 
nature of the system (4) is investigated according to the initial values for parameters 
f1 = f2 = 3 and ω1 = ω2 = 1.082 which are determined by considering Figs. 1(a1),(b1). 
Color plots of the St and PE of the phase space of system (4) are plotted in increments 
of 0.01in the intervals −2.5 < q ≤ 4 and −4 < p ≤ 2.5 with t = 105 time units.

Regular orbits are in blue, irregular orbits are in red, and different degrees of chaos 
and complexity are in intermediate colors in Fig. 1. As can be seen in Fig. 1, the 
forced Thirring instanton for different initial conditions and parameters have plenti-
ful dynamical behaviors. The dynamical behavior of the system (4) is investigated in 
more detail by varying one parameter and keeping other fixed. Moreover, Figs. 2, 3 
and 4 are plotted to examine and compare the dynamical behavior of the system with 
respect to the symmetric initial conditions namely, (0.5, 0.5) denoted blue and (−0.5, 
−0.5) denoted red.

Figure 2 demonstrates SALI time (St) diagrams of the system (4), calculated by 
increasing the parameters by 0.01 in the intervals; f (f1 = f2)∈ (0,5] for ω (ω1 = ω2) = 2.6 
in panel (2a), ω ∈ (0,5] for f = 3.0 in panel (2b), f2 ∈ (0,6] for f1 = 1.6, ω = 1.0 in panel 
(2c) and ω2 ∈ (0,8] for ω1 = 4.0, f = 2.6 in panel (2d) with t = 107 time units.

SALI time (St) indicates the time when the SALI index reaches the threshold 
value. Since the final integration time is determined as 107 time units, the St it takes 
to reach the threshold value during the time is shown in Fig. 2. It should be noted that 
107 time units is the time when the computation is finished. If the SALI index does 
not reach the threshold value within this time, the time is expressed as the result.

SALI indices reaching the threshold value in a short time indicate the presence 
of chaos. SALI indices reaching the threshold value in a long time indicate weakly 
chaotic states. St at −107 indicate SALI indices that did not reach the threshold value, 
indicating that they are in a regular state. When looking at Fig.  2, it is seen that 
the system exhibits chaotic and weakly chaotic behaviors in the examined intervals, 
except for a few points in general. Moreover, when compared for symmetrical ini-
tial conditions, panels (a) and (b) in Fig. 2 show a great deal of similarity, but there 
are differences in panels (c) and (d). In this case, it shows that the amplitudes and 
frequencies of two forcing terms acting on us do not cause a serious change in terms 
of the symmetric initial conditions when they are of equal magnitude. However, it is 
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seen that panels (c) and (d) show differences in terms of frequencies and amplitudes 
when there are different magnitudes from each other.

All panels in Fig. 3 are plotted using the interval and same parameter and initial 
conditions as in Fig. 2, respectively. Figure 3 demonstrate coexisting bifurcations 
diagrams of the system (4) with symmetric initial values (+ 0.5, + 0.5) (blue) and 
(+ 0.5, + 0.5) (red). Considering the St diagrams drawn for the different cases of the 
system (4) in Fig. 2, it can be seen that they are mutually compatible with the bifurca-
tion diagrams in each panel in Fig. 3.

Figure 4 shows the PE diagrams plotted for the same parameters and interval 
as the panels in Figs. 2 and 3 with t = 107 time units. The PE value quantifies the 
complexity of the system, where higher values indicate greater irregularity. When 
Fig. 4 is examined, it is seen that the system has different complexity level in varying 
parameters. In addition, when compared for symmetric initial conditions, panels (a) 

Fig. 4  Same as Figs. 2 and 3 but for PE 2 with same symmetric initial values (+ 0.5, + 0.5) (PE1) (blue) 
and (−0.5, −0.5) (PE2)(red)

 

Fig. 3  Coexisting bifurcations diagrams of the system (4) obtained in the same regions of parameters 
with same symmetric initial values (+ 0.5, + 0.5) (blue) and (−0.5, −0.5) (red) in Fig. 2.
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and (b) in Fig. 4 are largely similar, as are the SALI and bifurcation diagrams, but 
there are differences in panels (c) and (d).

Considering Figs. 2, 3 and 4, the SALI, and PE diagrams accurately demonstrate 
the observed bifurcation sequence when the parameters are changed. Figure 5 pres-
ents a detailed visualization of the trajectories in phase space of the system (4) for 
various parameter values, highlighting how the nature of the attractors changes with 
different combinations of the amplitudes and frequencies of the two forcing terms. 

Fig. 5  Phase portraits of attractors in the system (4) with symmetric initial conditions (+ 0.5, + 0.5) 
(blue) and (−0.5, −0.5) (red), for ω = 2.6; when f = 0.7 (a1), f = 1.557 (a2), f = 1.777 (a3), f = 2.246 (a4), 
f = 3.376 (a5) and f = 4.5 (a6), for f = 3.0; when ω = 1.082 (b1), ω = 1.713 (b2), ω = 1.85 (b3), ω = 2.136 
(b4), ω = 3.11 (b5) and ω = 3.4 (b6), for f1 = 1.6 and ω = 1.0; when f2 = 0.22 (c1), f2 = 1.14 (c2), f2 = 3.22 
(c3), f2 = 3.6 (c4), f2 = 3.76 (c5) and f2 = 4.42 (c6), for ω1 = 4.0 and f = 1.0; when ω2 = 0.38 (d1), ω2 = 3.11 
(d2), ω2 = 3.4 (d3), ω2 = 4.19 (d4), ω2 = 4.343 (d5) and ω2 = 4.76 (d6)
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The subpanels (a1)–(a6) show how increasing the forcing amplitude f under a fixed 
frequency ω = 2.6. Subpanels (b1)–(b6) illustrate the system’s response to varying ω 
with fixed amplitude f = 3.0. Panels (c1)–(c6) and (d1)–(d6) show the effects of vary-
ing one forcing component (f2 and ω2, respectively) while keeping the other constant. 
The detailed results presented in Fig. 5(a) show that system (4) exhibit coexisting 
pairs symmetric attractors for f = 0.7 (a1), f = 1.56 (a2) and f = 2.25 (a4), coexisting 
pairs identical attractors for f = 1.78 (a3) and f = 3.38 (a5) and chaotic attractors for 
f = 4.5 (a6) with symmetric initial conditions (+ 0.5, + 0.5) (blue), (−0.5, −0.5) (red) 
and ω = 2.6. Panels in Fig. 5(b) demonstrate that system (4) exhibit coexisting asym-
metric attractors when ω = 1.082 (b1), coexisting pairs symmetric attractors when 
ω = 1.713 (b2) and ω = 3.11 (b5), coexisting pairs identical attractors when ω = 2.136 
(b4) and ω = 3.4 (b6) and chaotic attractors when ω = 1.85 (b3) with symmetric initial 
conditions (+ 0.5, + 0.5) (blue), (−0.5, −0.5) (red) and f = 3.0. As seen panels (5c) and 
(5d) in Fig.  5, the system generally exhibits asymmetric coexisting attractors and 
chaotic attractors for the parameters given in the description of the Fig. 5.

Considering the Fig. 5(a) and 5(b), it is seen that two forcing terms on the system 
can exhibit similar behaviors in terms of the same frequency and amplitude values 
compared to the symmetric initial conditions. On the other hand, it can be said that 
they exhibit different behaviors at different frequency and amplitude values.

When the color maps and diagrams of St in the study are examined comparatively, 
it is seen that the SALI time method clearly distinguishes different degrees of chaotic 
regimes. In fact, St allows a more precise calculation by detecting exactly when the 
orbit starts to exhibit chaotic features. It also provides easy comparison with bifurca-
tion diagram and PE complexity method.

4  Conclusion

The dynamical nature of fermionic instanton solutions of Thirring model via Heisen-
berg ansatz under two forcing terms was investigated. This approach, which extends 
the forced Thirring instanton with two forcing terms, aims to investigate the effects of 
time-periodic perturbations on fermionic instanton dynamics, with a particular focus 
on the emergence of chaotic behavior induced by external influences. The numerical 
analysis based on the SALI, bifurcation diagram and Permutation Entropy methods 
were used to show how chaotic behavior occurs in the system. Moreover, the chaotic 
nature of forced Thirring instanton was studied with diagrams and color maps of the 
SALI, bifurcation diagrams and PE for various of the frequency and amplitude values 
and initial values. Furthermore, phase portraits illustrating different types of attrac-
tors corresponding to various chaotic behavior were presented.

According to the results of this study, the fermionic instanton solutions (4), which 
have been shown to be stable in Ref [18]., exhibit diverse dynamical behaviors under 
two forcing terms according to different initial values and the frequency and ampli-
tude values. It is seen that different types of novel chaotic attractors emerge accord-
ing to different values of two forcing terms acting on fermionic instanton solutions. 
These results offer valuable insights into the behavior of fermionic instantons under 
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various conditions. It can be used to study the effects of interactions between fermi-
ons, and how these interactions can lead to new phenomena.

The SALI or GALI2 method detects chaotic behaviors quickly and effectively, 
and the SALI indices can be distinguished between different chaotic behaviors by 
calculating the time to reach < 10−12. The paper in Ref [21]. showed that it gives 
similar results between the LLE diagram, which is the most widely used method for 
detecting different degrees of chaos, and the GALI2 time diagrams. In this study, it 
is shown that SALI time (St) which is practically equivalent to GALI2 time, can be 
quickly and effectively used to compare bifurcation diagrams and the Permutation 
Entropy method in chaos and complexity research.
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